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Basic notation

» Dobrushin’s contraction coefficient M Markov E; ~~ E>
B(M) = sup {osc(M(f)); f € Osc(E)}
= sup{[IM(x,.) = M(y, )llw ; (x,y) € E7}

> Boltzmann-Gibbs transformation (G € (0, 1])

Ve(p) = pnSuc
with
Su,6(x, dy) = G(x) dx(dy) + (1 — G(x)) We(u)(dy)
Properties
Ve(p) —Ve(v) = V(lc) (n—=v)S, and B(Su6) <1-— |G|
Proof:
Vo) — Wo(v) = (1 — 1)S, + (S, - S.)
and

V(S = S) = (1= v(6)) [We(n) — Ve(v)]



Nonlinear semigroups

Normalized & Unnormalized semigroups

Spn(mp) =m0 and Y, Qpn = n
Linear integral operators

Qp.n(fa) (%) == E | £:(X5) H Gq(Xq) | Xp = xp

p<q<n
Simplified notation Q,—_1,n(x, dy) = Qn(x, dy) (= Gp_1(x)Mx(x, dy))
Qpn = Qpr1Qpt2..- Qn
Nonlinear updating-prediction transformations

Gpn=Cp0P,_10...0P,4,;



Lipschitz's regularity

_ _ Qp(f)
Qp.n(1)(x) = Gpn(x) and  Ppy(f) = Qon(1)
U
na(f) = q)p,n(np)(f) = \UGp,n(nP)van
I

Lipschitz's regularity

[®p.0(1) = Po.n(p)l],, < &pin B(Pon) |16 — 115,

with

Gp n(x)
&gp,n ‘= Sup —~
P oy Gpn(y)



Contraction properties

Key observation

MP+1(QP+1 n(f)) Mp+1(Gp+1 n 'Dp+1 n(f))

Pp.n(f) = ol : ) — RY) Py o(F
") = My @pin) ~ Mpea(Gron) pi1Foita(f)
with the triangular array of Markov transitions
n M (G 1 nf) n
R (F) .= —etZetlnl) o p R R R
P = T Gere) pafiprz e o
Strong mixing condition M, (x, dy) < xM,(x’, dy)
n Mp+1(x, dy) Gp41 n(y)
R (x, dy) 1= —PH D &) Dptl, 2 R (g
p+1( y) Mp+1(Gp+1,n) p+1( .y)

= B( p+1)<1_X = B(Pp )_(1_X—2)"—p



Contraction properties

Second key observation : Mixing condition @& G,(x) < gG,(y)

Gp,n(x) _ Qpn(1)(X) _ Go(¥) Mp11(Gpi1,n)(x) _
Gp,n()/) Qp,n(l)()’) Gp(y) Mp11(Gpr1.n)(y )

I

Theorem : Stong contraction property

=

[®5.0(16) = Poun(p)]l,, <€ x (L=x72)"" [lno =,

Extensions :
Weak formulation, Mp pim(x, dy) < XmMp p+m(X’, dy), gB(M) < 1, etc.
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Orlicz' norm and Gaussian moments

2

7y [ Y] Orlicz norm of Y, ¢(u) =e* —1
my(Y) =inf{a € (0,00) : E(¥(|Y]/a)) <1}
U Gaussian and centered random variable U, s.t. E(U?) = 1:
my(U) = V/8/3
and
E(U*™) = b(2m)>" :=(2m), 27"

E(JUP™Y) < b2m+1)*™ = @m 4 1)(m+1) o= (m+1/2)
- m+1/2



Orlicz' norm properties

5 key properties ((Y;, Y') positive):

1 Yy < YVs = mp(V1) < mp(Y2)

2. (Vm>0 E(Y£™) <E(YZ™)) = my( Y1) < mp(Ya)
(myp(f(x,Y)) <c for P-ae x) = my(f(X,Y)) <c
4 E(Y2™) < ml (V)2

@

o

E (') < min (2 et T (14 try (V) e(thl’(y))z)

:>IP(Y < my(Y) \/x—|—|og2) >1—e*



Empirical processes

=2~
t\.

Il
—

N
X' independent ~ pf — m(X) : Z xi and =

Fluctuation centered random fields

V(X) = VN (m(X)—p)

o(f)> = E(V(X)(f Zu ([f — 1'(N)?)
F separable class of functions ||f|| <1

= vl = sup [u(f) = v(F),
feF

N(e, F) = sup{N(e,F,La(n)); n € P(E)}
2
I(F) = /0 Viog (1 + N (e, F)) de




Some useful properties (G(x) € [0, 1], M Markov)

~~ Two classes of functions

G - M(F)
G- (M — uM)(F)

(G M(f) : feF}
{G [M(f) — uM(f)] : feF}

|} [Exercice]

NG - M(F),d
NG - (M = uM)(F), 2¢5(M)]

N(F,e)
N(F,e)

IAIA



Kinchine's inequalities (osc(f) < 1)

» Marginal models
E(IV(X)(F)[™)"/™ < b(m) osc(f)

4
my(V(X)(F)) < v3/8

» Empirical processes

Ty ([IV(X)ll ) < ¢ 1(F)



Laplace techniques

Legendre-Fenchel transform

YA >0 L*(N) == sup (At—L())
teDom(L)

La(t) := log E(et") ~ Cramér-Chernov-Chebychev inequalities
g P(A>A) < —Li(\) and P(A>(L3)"(x)) < e
» Comparison property
Li<ly=L15<Ly= (L) < (L)}

> J. Bretagnolle & E. Rio’s Lemma

(Las) () < (L) 7700 + (L) 71 (%)



3 examples-exercices

» L(t)=1t3/(1—t), t€[0,1]
L*(\) = (\/A T1- 1)2 & (N7 (x) = (14 V%) =1 = x+2Vx

> Lo(t):=—t—Slog(1—2t), t€[0,1/2]

L5(A) = %(A —log(1+2) & (£3)71(x) < 2(x+ vx)
> Li(t)=et—1—1t

L) = (1+Nlog(L+X) = A & (L) 7 (x) < 5 +Vax



Applications (part 1)

» Centered A <1 & o4 =E(A?)Y2 = L4(t) < 03 Li(t)
= The probability of the following events is greater than 1 — e~

A<o? (L) (XZ) <Xt oaV2x
o4 3
» Bst E(|B|™)Y™ < b(2m)? ¢ = Lg(t) < ct + Lo(ct)
= The probability of the following events
B<c|l+(L5) (0] < e [L+20x+ VX))

is greater than 1 — e™*.

» Concentration of A+ B using J. Bretagnolle & E. Rio’s Lemma



Applications (part 2)

> 0 <osc(f) < a= Lygyxyn(t) <N o?(f/a) Li(at)

= the probability of the following events is greater than 1 — e™*

2

VX)(F) < a2V (L*;)I(ij(f)>s3j’ﬁ+\/2xo(f)2

» Concentration of F(m(X)(f)) [marginal or empirical processes]
using J. Bretagnolle & E. Rio’s Lemma
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Interacting processes
Markov X, = (X!)1<i<n € EY, conditionally independent | G,_1.
= Law(X! | Xo, ..., Xo_1) ~ V(Xn) = VN (m(X,) — 1in)
Definition.: f, € G,_1, osc(f,) <1~ E (V(X,,)(f,,)2 |Q,,,1) <o?

G2 = E o5 and aj:= max a,
0<p<n
0<p<n

> Va(X)(F) =003 V(X)(f)
Lumv,oe)(t) < N @y Li(t2)

X

= the probability of the following events is greater than 1 — e~

Vo) = Ve o ()7 (e ) <o (5 V2 %)

n



Perturbation analysis (marginal models)

1/m

Va(X)(F) =Y 3, V(X)) & E(IR(X)(F)")"" < b(2m)? 1

p=0
Using J. Bretagnolle & E. Rio’s Lemma
= the probability of the following events is greater than 1 — e™*,

VW) < 1y (14(6)700) + 8 23 72 (1) (2 )

—2
No,



Perturbation analysis (empirical processes)

Wa(X)(F) = Va(X)(F) + —= Ra(X)(f)

1
VN
with

VaX)(F) =33 VXG)(R) & E([RAXIIE) < mt 7

p=0

Using J. Bretagnolle & E. Rio’s Lemma
= the probability of the following events is greater than 1 — e™*,

[Woa(X)l 7 < c liap] I(F) (1+2Vx) + \F(H(U) (;))
p=0
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First order expansions

Key telescoping decomposition

n

77,,1V —Mn = Z [q)p,n(n;lav) —®pn (¢p(77,lavfl))}

p=0

@ First order expansion

\/Nqu,n(nllav) - (bPa” ((DP(nll’V*l))

= VN®, , (%(772’1) + % V:’) — Ppn (Po(75-1))

~ VD, RY,

nt o

with D, , € G,_1-first order integral operator @& 2nd-order remainder R



First order expansions

Stochastic perturbation model
W = VR ] = S VD, + L RY
0<p<n \/N
Under the mixing condition of FK semigroups

08¢ (Dp,n(f)) < € 8p.n B(Ppn) < c(1—€)"P

and
E (IRY(£)|™) < b(2m)*™

I

Uniform concentrtation estimates w.r.t. the time parameter




Particle free energy
Multiplicative formulae

H ngl(Gp) = ’}/,,,V(l) —Ntoo Vn 1) H 77p p)

0<p<n 0<p<n

Taylor first order expansion

1
(y —x)
Vx,y >0  logy —logx= [ —L ") g
X,y ogy — log x /Ox+t(y_x)

i3
log (v (1)/7a(1))

= ZO§p<n (Iog 77;I:V(Gp) — log np(Gp))

= Socpen (108 (16(Go) + Jy Wi™(Gp)) — logn(Gp))

LY /1 W (G dt
= /N 4=0<p<n
VN =p< 0 WP(GP) + ﬁ WIZ77N(GP)

~ first order expansion [exo]
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